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Abstract

We present empirical evidence that the bias in market participants’ ex post inflation
forecast errors and these errors’ correlation with ex ante information shift between
nonrepetitive values. This finding is inconsistent with the predictions of full- and
limited-information rational expectations (REH) models. Building on Knight’s and
Muth’s pathbreaking insights, our theoretical account reconciles our empirical find-
ings with participants’ rationality by recognizing that the inflation process under-
goes nonrepetitive structural change that cannot be foreseen, even in probabilistic
terms. Because REH models abstract from such unforeseeable structural change,
they do not represent expectations of rational participants in real-world markets.
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1 Introduction

Macroeconomists have relied on the rational expectations hypothesis (REH) to represent
rational participants’ expectations of outcomes, such as inflation, which we focus on here.
Most REH models abstract from structural change in the inflation process, which they
formalize by constraining the model’s structure and parameters to remain constant. In
such models, full-information REH (FIRE) predicts that participants’ ex post forecast
errors should be unbiased and uncorrelated with ex ante information.

Hajdini and Kurmann (2024) show, however, that this prediction does not hold if
the inflation process is assumed to switch between two repetitive regimes governed by
a Markov chain. In such a model, FIRE predicts that the bias of participants’ ex post
inflation forecast errors and their correlation with ex ante information should switch
between repetitive positive and negative values.

Using survey data of participants’ inflation forecasts, this paper uncovers novel em-
pirical evidence that is inconsistent with FIRE’s predictions. We find that the bias and
correlation of participants’ ex post forecast errors with ex ante information shift between
nonrepetitive values.

Our findings lead us to advance a novel explanation of FIRE’s empirical difficulties:
REH models do not represent expectations of rational, profit-seeking participants in real-
world markets, regardless of whether participants base their expectations on full or limited
information. Building on Knight’s (1921) and Muth’s (1961) pathbreaking insights, the
paper’s main theoretical contribution is to reconcile our empirical findings with the ratio-
nality of market participants’ inflation expectations.

Our empirical evidence is based on two widely used forecast-error regressions of ex
post inflation-forecast errors on either ex ante forecast revisions or ex ante inflation. We
construct measures of forecast errors and forecast revisions using forecast data from the
Survey of Professional Forecasters covering the sample period from 1969 to 2022.

Our econometric procedure does not constrain a priori whether, when, and how the
intercept and slope of these regressions shift over time. Instead, we identify the timing
and estimate the magnitude of shifts in these parameters from time-series data. To do
so, we use step-indicator and multiplicative step-indicator saturation to transform the
identification of the timing of structural shifts into a high-dimensional model-selection
problem that can be efficiently handled by the Autometrics algorithm (see Doornik, 2009,
Castle, Doornik, and Hendry, 2012, Ericsson, 2012, and Castle et al., 2015).

This procedure is particularly suitable for assessing whether the parameters of the
forecast-error regressions undergo shifts between repetitive or nonrepetitive values, be-
cause it neither restricts the maximum number of such shifts nor constrains the parameters
to shift between a fixed number of repetitive regimes chosen prior to estimation. More-

over, it enables us to identify shifts in the intercept and slope at different points in time



and throughout the entire sample period. Thus, by design, the econometric procedure
nests the possibility that the parameters of the forecast-error regressions have remained
constant or switched between repetitive values.

We find periods during which the intercepts and/or slopes of the forecast-error re-
gressions have been nonzero, indicating that participants’ ex post inflation-forecast errors
have been biased and/or correlated with ex ante information. Importantly, these biases
and correlations have undergone major shifts between nonrepetitive values with different
magnitudes—including zero, positive, and negative—and statistical significances.

Most of the structural shifts, as well as the largest bias and correlation of ex post
forecast errors with ex ante information, occurred during the 1970s, early 1980s, and
post-2020. These were periods characterized by major structural shifts in inflation dy-
namics and expectations caused by the oil crises, the sharp change in monetary policy
following Paul Volcker’s appointment as chairman of the Fed, and the onset of the Covid-
19 pandemic. In contrast, we find only one structural shift, very small estimates of the
bias, and insignificant estimates of the correlation between participants’ ex post forecast
errors and ex ante forecast revisions during the Great Moderation from the early 1980s
to 2020.

The literature has sought to account for a supposedly positive correlation between
ex post forecast errors and ex ante forecast revisions, which Coibion and Gorodnichenko
(2015, abstract, p. 2644) suggest is a “stylized fact.” Except for Hajdini and Kurmann
(2024), these accounts have presumed that a constant-parameter model characterizes in-
flation. Coibion and Gorodnichenko (2015) suggest the positive correlation arises because
participants are rational but face limited or noisy information. Farmer, Nakamura, and
Steinsson (2024), in the context of interest-rate expectations, suggest it arises from ratio-
nal participants’ Bayesian learning about the model’s constant parameters. In contrast,
Bordalo et al. (2020) attribute this positive correlation to participants’ irrationality: par-
ticipants’ expectations deviate—in systematic, and thus predictable ways—from FIRE
due to the distorting influence of Kahneman and Tversky’s (1972) “representativeness
heuristic,” which they formalize with Gennaioli and Shleifer’s (2018) diagnostic expecta-
tions.

Our empirical findings show, however, that the supposedly positive correlation between
ex post forecast errors and ex ante forecast revisions is not a stylized fact, but rather an
artifact of estimating this correlation as constant. Indeed, we find a significantly positive
correlation only during the period from 1972 to 1974. This corroborates Angeletos, Huo,
and Sastry’s (2021) and Hajdini and Kurmann’s (2024) findings that the estimate of this
correlation changes from significantly positive to insignificantly different from zero when
the estimation samples 1968:(Q4-2017:Q4 and 1970:Q2-2019:Q1 are changed to start in
1984:QQ1 and 1983:Q1, respectively.

Our findings show that participants’ forecast errors undergo nonrepetitive structural



shifts and that these shifts’ timing and frequency reflect, at least in part, historical events.
This suggests that accounting for these errors requires jettisoning constant-parameter
models of inflation, as well as models that formalize structural change in the inflation pro-
cess as repetitive. Consequently, our theoretical account of participants’ ex post forecast
errors recognizes that the inflation process undergoes structural change that is nonrepet-
itive and whose magnitude and timing therefore cannot be foreseen, even in probabilistic
terms, by rational participants in real-world markets.

REH models do not represent expectations of rational participants in real-world mar-
kets because they assume that structural change in the inflation process is foreseeable: the
process is assumed either to remain unchanging or to switch between repetitive regimes
governed by a Markov chain. In both cases, a single conditional probability distribu-
tion—whose parameters are constant and can be consistently estimated based on histori-
cal data—constitutes the model’s prediction of future inflation. Because REH represents
participants’ inflation expectations with the conditional expectation of this distribution,
it presumes that market participants can foresee, in probabilistic terms, the magnitude
and timing of all future structural changes in the inflation process. This implies that the
bias and correlation of their ex post forecast errors with ex ante information should be
constant, and equal to zero, or switch between repetitive non-zero values, which we found
was inconsistent with the survey forecast data.

Our theoretical account rests on a novel formalization of Knight’s argument that
participants in real-world markets face “true uncertainty,” which arises from change in
the economy that cannot “by any method be reduced to an objective, quantitatively
determinate probability” (Knight, 1921, pp. 231-232). Importantly, Knight argued that
profit-seeking activities inherently involve attempts to exploit such unforeseeable change,
and thus cannot be understood in terms of standard probabilistic “risk.” As he put it: “if
all changes were to take place in accordance with invariable universally known laws, [so
that] they could be foreseen for an indefinite period in advance of their occurrence (...)
profit or loss would not arise” (Knight, 1921, p. 198).

In Frydman and Tabor (2024), we propose an approach to representing rational par-
ticipants’ expectations of inflation, and other outcomes, undergoing unforeseeable change.
We call our approach the Knight-Muth hypothesis (KMH).

KMH provides a tractable and empirically testable formalization of unforeseeable
structural change in the inflation process by assuming that its models’ parameters shift
intermittently between nonrepetitive values with timings that are not characterized with
a probabilistic rule. Because future parameters differ from past ones, their values are
inherently unknowable in advance, even in probabilistic terms. This implies that future
inflation is characterized by Knightian uncertainty, not just probabilistic risk.

KMH proposes a novel implementation of Muth’s (1961) hypothesis to represent ra-

tional market participants’ inflation expectations as being consistent with the model’s



predictions of inflation undergoing unforeseeable change. We assume that participants
base their expectations on full information. In contrast to FIRE, however, KMH repre-
sents rational participants’ inflation expectations in terms of subjective parameters that
can differ from the parameters that characterize ex post inflation. KMH recognizes that,
over time, rational market participants revise their subjective expectations in nonrepeti-
tive ways as the inflation process shifts in unforeseeable ways.

We show that KMH predicts that the bias and correlation of rational market par-
ticipants’ ex post forecast errors with ex ante information intermittently shift between
nonrepetitive values. During periods where the inflation process undergoes major unfore-
seeable change, the bias and correlation should be large and either positive or negative.
In contrast, the bias and correlation should be small, or even zero, during periods where
the inflation process remains stable.

By recognizing that rational participants’ ex ante inflation expectations may differ
from how ex post inflation unfolds, KMH explains why most of the structural shifts and
the largest bias and correlation of ex post forecast errors with ex ante information occurred
during the 1970s, early 1980s, and post-2020. Acknowledging that it was particularly
difficult for rational market participants to foresee inflation during those periods is crucial
for KMH’s account of their ex post forecast errors. It is no less crucial for KMH that
when the inflation process has been relatively stable, as during the Great Moderation,
rational participants’ forecast errors have been nearly unbiased and uncorrelated with ex
ante information, which we have found.

The structure of the paper is as follows. Section 2 describes the time-series data we
use for our empirical analysis. Section 3 presents our empirical estimates of structural
shifts in the forecast-error regressions and shows that these estimates are inconsistent
with the predictions of limited- and full-information REH models. In Section 4, we illus-
trate how KMH can account for the unforeseeable structural shifts in the forecast-error
regressions. We compare KMH’s and FIRE’s predictions of those shifts, and trace FIRE’s
inconsistency with the survey forecast data to its premise that economists and market
participants can foresee structural change in the inflation process in probabilistic terms.
Concluding Section 5 argues that a “stylized fact” with which formal representations of
rational expectations in macroeconomic models should be consistent is that profit-seeking
participants understand that the process driving inflation and other aggregate variables
undergoes unforeseeable change. We suggest that macroeconomists should not rely on
models that abstract from such change and, consequently, reconsider the widespread be-
lief that REH represents rational participants’ expectations of aggregate outcomes in

real-world markets.



2 Survey Data on Inflation Expectations

To construct forecast errors and revisions for the forecast-error regressions, we use quar-
terly survey data on U.S. inflation expectations from the Survey of Professional Forecast-
ers (SPF), available from the Federal Reserve Bank of Philadelphia. Established in 1968,
the survey has been answered each quarter by a rotating panel of professional forecast-
ers. We consider the average forecasts of the annualized change in the price index for
gross domestic product (PGDP) for four-quarter-ahead forecast horizons from 1968:Q4 to
2022:Q4.

Like Coibion and Gorodnichenko (2015) and Hajdini and Kurmann (2024), we focus
on a baseline case with an annual forecast horizon and construct the average quarterly
inflation forecast and forecast errors over this horizon, as described in Supplemental Ap-
pendix A. Because the professional forecasters report their forecasts in the middle of each
quarter, before the quarter’s inflation data has been released, they are based on the previ-
ous quarter’s inflation data. To better match the theoretical specification of expectations,
we follow Hajdini and Kurmann (2024) and specify the timing of the survey forecasts in
terms of the information it is based on instead of when it is reported. Thus, we denote
the inflation rate by m; and the survey forecasts of inflation based on the information
available at the end of period ¢t by Fj(m4) for the forecast horizon h > 0. Our baseline
case with an annual horizon corresponds to h = 4.1

As is common in the literature, we construct forecast errors using the initial release of
the quarterly change in the PGDP, expressed in annualized percentage points, prepared
by the Bureau of Economic Research. In Supplemental Appendix C, we show that our
empirical findings are robust to alternative data specifications and forecast horizons.

There are missing values for the survey forecast for the five-quarter horizon in 1968:Q4—
1969:Q2, 1969:Q4, and 1974:Q2, which implies missing values for the forecast revision for
the annual horizon in the subsequent observations. Thus, for the baseline case, we use
a sample for the forecast-error regressions that starts in 1970:Q2, and for the regression
that includes the forecast revision, we drop the observation with a missing value for the
forecast revision in 1974:Q3, as is commonly done in the literature.

Figure 1 shows the time-series data for inflation, the survey forecasts of inflation, and
the computed forecast errors and revisions. Panel (a) shows the inflation rate (black
line), m;, and each of the grey lines shows the sequence of survey forecasts of inflation,
Fy(mn), for forecast horizons h = 1,2, 3,4, 5, starting from the latest observed inflation
rate, m;. Panels (b) and (c) show the computed ex post forecast errors, mq — Fi(m14),
and ex ante forecast revisions, Fy(m4) — Fy—1(m44), for the baseline case with a forecast

horizon h = 4. The forecast errors and revisions for forecast horizons h = 1,2, 3,5 show

LOur baseline case, h = 4, corresponds to Coibion and Gorodnichenko’s (2015) baseline horizon h = 3
because they specify the survey forecasts in terms of the period in which it is reported. This difference
in the timing of the survey forecasts does not alter the empirical results.
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Figure 1: The figure shows inflation, survey forecasts of inflation, and forecast errors
and revisions for the baseline case with an annual forecast horizon of h = 4. In Panel
(a), the black line shows the inflation rate, m,. The grey lines show the sequences of
survey forecasts of inflation, Fy(m; ), for horizons h = 1,2,3,4,5 and starting from the
latest observed inflation rate, ;. Panel (b) shows the computed quarterly ex post survey
forecast errors, m; 4 — Fi(m44), and Panel (c¢) the computed ex ante revisions of the survey
forecasts, Fy(myr4) — Fi—1(m44), for the baseline case with a forecast horizon of h = 4.



similar patterns as for h = 4 over time, but with the magnitude of the forecast errors and

revisions increasing with the forecast horizon.

3 Empirical Evidence of Unforeseeable Shifts in Forecast-

Error Regressions

We consider two forecast-error regressions that have been widely used in the literature to
test the predictions of alternative specifications of participants’ inflation expectations.
The first is the regression of ex post forecast errors on ex ante forecast revisions, given
by:
T — Fo(mign) = a4 W (Fi(mgn) — Fioa(mign)) + Ugl), (1)

for t = 1,2,...,T and where m; denotes inflation at time ¢; m,p — Fy(m4p) denotes the
average quarterly inflation forecast error over the horizon from ¢ to t + h, based on the
information available at time t; Fy(mp) — Fi—1(myp) denotes the ex ante revision from
time t — 1 to t of the average forecast over the horizon until ¢ + h; and ugl) is an error
term. This regression was proposed by Coibion and Gorodnichenko (2015) to test full-
information rational expectations (FIRE) against the alternative of limited information
rational expectations (LIRE) based on constant-parameter models of inflation and other
macroeconomic variables.

The second forecast-error regression is that of ex post inflation forecast errors on the

ex ante inflation rate, given by:
Tt4h — Ft(ﬂ-t+h) = Oé + ﬁ Tt + Uy ), (2)

for t = 1,2,...,T and where u( ) is an error term. As Hajdini and Kurmann (2024)
show, this regression provides a simple and intuitive link to FIRE’s representation of
participants’ expectations in models that assume that the inflation process undergoes
repetitive regime switches governed by a two-state Markov chain.

Earlier studies testing predictions of alternative specifications of participants’ expec-
tations with survey forecast data have focused on estimating the forecast-error regressions
in (1) and (2) with constant parameters. For comparison with that literature, Table 1
presents the constant-parameter estimates for the baseline case with a forecast horizon
h = 4 based on our full sample from 1970:Q2 to 2021:Q4.

We get a positive and significant estimate of the correlation between ex post forecast
errors and ex ante forecast revisions in (1), 3(1) = 1.122 with a standard error of 0.412,
and an insignificant estimate of the intercept. For (2), we get a positive, but insignificant,
estimate of the correlation between ex post forecast errors and ex ante inflation, §(2) =

0.090 with a standard error of 0.069, and a negative, but insignificant, estimate of the



Table 1: Constant-Parameter Estimates of the Forecast-Error Regressions

Panel A: Ti+h — Ft(ﬂ_t+h) = a(l) + 5(1) (Ft(ﬂ-t+h) — thl(’”t#»h)) +u

(1)

t

Estimate Std. error P-value

a® -0.014 0.135 0.919
i) 1.122 0.412 0.007
Residual std. error, o 1.122
R? 0.163
Log-likelihood -314.932
Observations 206
Panel B: mypp — Fi(mien) = a® 4+ g7, + u,EQ)
Estimate Std. error P-value

a® -0.329 0.183 0.073
52 0.090 0.069 0.192
Residual std. error, o 1.201
R? 0.037
Log-likelihood -330.558
Observations 207

Notes: The table shows the constant-parameter estimates of the forecast-error regressions in (1)
and (2) for the baseline case with a forecast horizon of h = 4. The sample period is 1970:Q2—
2021:Q4. For regression (1) in Panel A, the observation with missing data in 1974:Q3 has been
dropped from the estimation sample. HAC standard errors are reported and used to compute
the P-values.



intercept.

Our insignificant estimate of 8 in (2) is similar to that reported by Hajdini and
Kurmann (2024). In contrast, the full-sample estimate of the slope 3 in (1) is signifi-
cantly positive. This estimate is similar to that reported by Coibion and Gorodnichenko
(2015), Bordalo et al. (2020), Angeletos, Huo, and Sastry (2021), and Hajdini and Kur-
mann (2024). This similarity across many different studies appears to buttress Coibion
and Gorodnichenko’s (2015, abstract) claim that the positive correlation between the
ex post forecast error and ex ante forecast revision is one of the “stylized facts” about
participants’ inflation expectations.

As we show next, however, the parameters of the forecast-error regressions shift during
the sample, which is inconsistent with a constant-parameter characterization of the infla-
tion process. Moreover, once the shifts in the parameters of (1) are identified from the
time-series data, the estimate of (1), and thus of the correlation between ex post forecast
errors and ex ante forecast revisions, is significantly positive only in the early 1970s, and

insignificantly different from zero during the rest of the sample period.

3.1 Subsample Estimates

Several studies have found that the estimates of the forecast-error regressions change when
the estimation sample is changed. For example, Hajdini and Kurmann (2024) show that
the estimated correlation between participants’ ex post forecast errors and their ex ante
forecast revisions becomes much smaller and changes from being significantly positive to
insignificantly different from zero when the estimation sample 1970:QQ2-2019:Q1 is changed
to start in 1983:Q1. Angeletos, Huo, and Sastry (2021) present similar findings when
changing their sample from 1968:Q4-2017:Q4 to start in 1984.

These studies’ choice of the starting dates of their samples was based on the plausible
conjecture that the inflation process and/or participants’ inflation expectations under-
went structural shifts around the onset of the Great Moderation. It also seems plausible
that inflation and/or participants’ expectations, and thus their forecast errors, underwent
structural shifts around the onset of Covid-19 pandemic in early 2020.

Table 2 presents the estimates of the two forecast-error regressions for three distinct
subsamples: the 1970s subsample covering the period from 1970:Q2 to 1979:Q3, the Great
Moderation subsample covering the period from 1980:Q1 to 2019:Q4, and the post-2020
subsample covering the period from 2020:Q1 to 2021:Q4. The full-sample and subsamples
estimates of the forecast-error regression in (1) are illustrated in Figure 2, which shows the
scatterplots between ex post forecast errors and ex ante forecast revisions with regression

lines corresponding to the intercept and slope of (1).2

2Marginally changing the timing of the three subsamples, for example to match the subsamples used
by Hajdini and Kurmann (2024) or Angeletos, Huo, and Sastry (2021), does not alter our conclusions
here.
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Table 2: Subsample Estimates of the Forecast-Error Regressions

Panel A: T, — Fi(meen) = oM + BV (Fy(min) — Fy—1(mern)) + ugl)

Estimate Std. error P-value

Subsample 1970:Q2-1979:Q4 (38 0bs.)

a® 0.535 0.347 0.132

s 1.117 0.595 0.069
Subsample 1980:Q1-2019:Q4 (160 obs.)

a -0.401 0.087 0.000

s 0.072 0.139 0.604
Subsample 2020:Q1-2021:Q4 (8 obs.)

a® 2.896 0.414 0.000

s 1.482 0.509 0.027

Panel B: Ti+h — Ft(ﬂ_t+h) = CU(Q) + 5(2)7& + UEQ)

Estimate Std. error P-value

Subsample 1970:Q2-1979:Q4 (39 0bs.)

a® 0.781 0.837 0.357

£ 0.017 0.122 0.891
Subsample 1980:Q1-2019:Q4 (160 0bs.)

a® -0.189 0.135 0.165

2 -0.084 0.047 0.072
Subsample 2020:Q1-2021:Q4 (8 obs.)

a® 2.366 0.471 0.002

B2 0.235 0.102 0.060

Notes: The table shows the subsample estimates of the forecast-error regressions in (1) and
(2) for the baseline case with a forecast horizon of h = 4. For regression (1) in Panel A, the
observation with missing data in 1974:Q3 has been dropped from the estimation sample. HAC
standard errors are reported and used to compute the P-values.
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) 5.0-

Figure 2: The figure shows scatterplots of the ex ante forecast revisions, Fy(m4) —
F,_1(m+4), on the horizontal axes and the ex post forecast errors, my 4 — Fi(m14), on the
vertical axes for the baseline case with a forecast horizon of h = 4. Panel (a) shows the
scatterplot for the full sample 1970:Q2-2021:Q4 and the red line shows the regression line
for this sample period. Panels (b)-(d) show the scatterplots and regression lines for the
three subsamples 1970:Q2-1979:Q4, 1980:Q1-2019:Q4, and 2020:Q1-2021:Q4. The grey
circles show the observations outside each of these subsamples.
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The subsample estimates in Table 2 show that the correlation between ex post forecast
errors and ex ante forecast revisions appears to be positive during 1970s, but turns sta-
tistically insignificant at the onset of the Great Moderation. This evidence suggests that
the positive correlation, as estimated as constant by Coibion and Gorodnichenko (2015)
and others, neither characterizes participants’ ex post forecast errors nor their inflation
expectations.

Similarly, the constant estimate of the intercept in (1) as statistically insignificantly
also appears not to be a general feature throughout the sample period. The subsample
estimates show that the average level of the ex post forecast errors was positive during the
1970s and post-2020 subsamples, but significantly negative during the Great Moderation.
Thus, the insignificant full-sample constant-parameter estimate of the intercept might be
a result of the intercept shifting between positive and negative values over the sample
period. Indeed, the subsample estimates indicate that the intercepts and slopes of the
forecast-error regressions shift substantially over the sample period.

When macroeconomic models recognize structural change in the process driving out-
comes and participants’ expectations, they typically assume that such change is repetitive
and specify it as governed by a Markov chain. To investigate whether FIRE based on a
model of inflation switching between repetitive regimes can account for the survey fore-
cast data, Hajdini and Kurmann (2024) estimate a DSGE model with a monetary policy
rule whose parameters switch according to a two-state Markov chain. They find that the
rolling-window estimates of the correlations between ex post forecast errors and ex ante
forecast revisions or ex ante inflation based on data simulated from the model “are overall
quite different” from the rolling-window estimates of those correlations based on survey
forecast data. Thus, as they put it, “the DSGE [model] we use as the [data generating
process| to test FIRE fails to account for the dynamics of (...) inflation forecasts ob-
served in the [survey| data” (p. 33). This, they conclude, provides “empirical motivation
to consider models with alternative types of regime shifts as well as potential departures
from FIRE to account for the dynamics of average expectations observed in the data”
(Hajdini and Kurmann, 2024, pp. 35-36).

The estimates in Table 2 suggest that the key to accounting for the “dynamics of (... )
expectations observed in the [survey] data” is to recognize that the structural shifts in
the inflation process have not been repetitive and that, as a result, their magnitudes and
timing could not have been foreseen, even in probabilistic terms. The estimated bias and
correlation of participants’ ex post forecast errors with ex ante information do not appear
to switch between repetitive values. Moreover, the shifts appear to occur proximate to
unprecedented historical events: the oil crises of the 1970s, the radical change in monetary
policy following Paul Volcker’s appointment as Federal Reserve Chair in late 1979, and
the onset of the Covid-19 pandemic in the early 2020.

Although the subsample estimates in Table 2 are suggestive of which “types of regime
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shifts” in inflation and participants’ expectations might explain structural shifts in the
forecast-error regressions, they suffer from important limitations.

The subperiods for each subsample, and thus the timing of the potential structural
shifts, were chosen a priori, rather than identified from the time-series data. Moreover,
estimating both parameters of each forecast-error regression based on pre-set subsamples
of the data rules out the possibility that the intercept and the slope may shift at different
times. Although the estimated parameters are very different in each of the subsamples,
there here are only three pre-set regimes. Moreover, the first two subsamples in Table 2
span long stretches of time. As we show next, identifying whether the parameters of
the forecast-error regressions underwent shifts within those subperiods from time-series
data is important for assessing whether the parameters of the forecast-error regressions

underwent nonrepetitive shifts during the sample period.

3.2 Identifying Structural Shifts from the Time-Series Data

To identify the timing and estimate the magnitude of structural shifts in the parameters of
the forecast-error regressions directly from the time-series data, we use step-indicator and
multiplicative step-indicator saturation to transform the identification of structural shifts
into a high-dimensional model-selection problem that can be efficiently handled by the
Autometrics algorithm (see Doornik, 2009, Castle, Doornik, and Hendry, 2012, Ericsson,
2012, and Castle et al., 2015). We illustrate this procedure in Supplemental Appendix B.

This procedure enables us to identify nonrepetitive structural shifts, because it does
not require specifying a priori the timing or maximum number of structural shifts during
the sample period; nor does it require restricting the parameters to shift between a fixed
set of, say, two regimes. Moreover, it enables the identification of structural shifts in the
intercept and slope at different points in time and throughout the entire sample period
(except for the last observation, where a shift in the slope cannot be distinguished from
a shift in the intercept).

Table 3 reports the estimates of (1) and (2) with structural shifts identified from the
time-series data by Autometrics for our baseline case with a forecast horizon h = 4.
Figure 3 illustrates how the parameter estimates have evolved over time. Panels (a) and
(c) plot the estimates of the two intercept terms over time, together with the inflation
forecast errors, w4 — Fi(miia).

Comparison of the estimates based on a priori subsamples in Table 2 with those in
Table 3 shows that identifying structural shifts directly from time-series data uncovers
multiple structural shifts in both the intercepts and the slopes of the two forecast-error
regressions. Moreover, when the structural shifts in the parameters are identified from
the time-series data, the forecast-error regressions can account for a much larger part of

the variation in ex post forecast errors. As Tables 1 and 3 show, R? increases from 0.16
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and 0.04 for the full-sample constant-parameter model to 0.76 and 0.82 for the model
estimated with structural shifts.

Estimates presented in Table 3 and displayed in Figure 3 show that there are periods
during which the intercepts and/or slopes of these regressions were nonzero, indicating
that participants’ inflation forecast errors were biased and/or correlated with ex ante
information. Importantly, these biases and correlations underwent major shifts between
nonrepetitive values with different magnitudes—including zero, positive, and negative
signs—and statistical significances.?

The timing of structural shifts in the forecast-error regressions suggests that the
changes in the bias of participants’ inflation-forecast errors and their correlation with
ex ante information reflect, at least partly, unforeseeable change in the inflation process
and revisions of participants’ inflation expectations in anticipation of and response to
these changes. In that case, we should expect the ex post forecast errors to have the high-
est average level and correlation with ex ante information, and to undergo most structural
shifts, during periods of major structural change in the economy and inflation dynamics.

Indeed, we find that most of the structural shifts and the largest estimates of both
the intercepts and slopes occurred during the 1970s, the early 1980s, and at the end of
the sample, in the post-2020 period. These were periods characterized by major changes
in the economy, monetary policy, and inflation dynamics: the surge in inflation following
the oil crises in the 1970s, the rapid disinflation following the appointment of Volcker as
Fed Chair in 1979, and the rapid post-pandemic increase in inflation from 2020.

In contrast, we find only one structural shift during the Great Moderation period
from the early 1980s to 2020 (the shift in ex post forecast errors’ correlation with ex
ante inflation in 1998:Q4), which is typically referred to as a stable period without major
structural change in the economy, monetary policy, and inflation dynamics.

Because historical events like OPEC’s decision to limit the supply of oil in 1973, the
appointment of Volcker in 1979, and the Covid-19 crisis are not repetitive, at least in
part, no one could have foreseen their timing and implications for the inflation process
and market participants’ inflation expectations. For example, prior to Volcker’s appoint-
ment, no one could have foreseen, even in probabilistic terms, how and when the new
monetary policy would lead to rapid disinflation. Though participants’ inflation expec-
tations adjusted gradually to the disinflation and stabilized, their forecast errors shifted
from positive, on average, at the end of the 1970s to negative, on average, from the early
1980s.

3In Supplemental Appendix C, we show that our baseline specification’s conclusions regarding the
timing and magnitude of structural shifts in the parameter estimates, and these shifts’ statistical signif-
icance, are robust to alternative specifications of the data used. These alternative specifications include
using the final release of the inflation data instead of the initial vintage release to construct forecast
errors, using the forecast error of quarter-to-quarter inflation at horizon h instead of the average forecast
error over the horizon until ¢ + h, and using different forecast horizons.
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Table 3: Estimates of the Forecast-Error Regressions with Structural Shifts

Panel A: Tt+h — Ft<7rt+h) = Oé(l) + 6(1) (Ft(ﬂ-t+h> - thl('f('t+h)) + Ugl)

Parameter Period Estimate Std. error P-value
a® 1970:Q2-1972:Q2 0.298 0.251 0.236
1972:Q3-1974:Q2 2.565 0.123 0.000
1974:Q4-1976:Q1 -1.269 0.040 0.000
1976:Q2-1980:Q2 0.871 0.235 0.000
1980:Q3-2019:Q4 -0.384 0.089 0.000
2020:Q1-2021:Q4 3.126 0.493 0.000
B 1970:Q2-1972:Q2 -0.674 0.506 0.185
1972:Q3-1974:Q1 1.325 0.128 0.000
1974:Q2-1980:Q4 -0.200 0.139 0.152
1981:Q1-2021:Q4 0.299 0.209 0.154
o 0.613
R? 0.760
Log-likelihood -186.456
Observations 206

Panel B: Ty p — Fi(min) = a® 4+ g7, + u§2)

Parameter Period Estimate Std. error P-value
a® 1970:Q2-1976:Q1 0.074 0.395 0.851
1976:Q2-1977:Q2 0.965 0.181 0.000
1977:Q3-1980:Q2 2.129 0.244 0.000
1980:Q3-2019:Q4 -0.241 0.098 0.015
2020:Q1-2020:Q3 1.952 0.239 0.000
2020:Q4-2021:Q4 3.770 0.315 0.000
B2 1970:Q2-1972:Q2 0.037 0.099 0.710
1972:Q3-1973:Q4 0.621 0.060 0.000
1974:Q1-1974:Q2 0.298 0.043 0.000
1974:Q3-1998:Q3 -0.131 0.025 0.000
1998:Q4-2021:Q4 0.028 0.058 0.631
o 0.533
R2 0.818
Log-likelihood -157.892
Observations 207

Notes: The table shows the estimates of the forecast-error regressions in (1) and (2) with
structural shifts for the baseline case with a forecast horizon of h = 4. The sample period is
1970:Q2-2021:Q4, where the observation with missing data for the forecast revision in 1974:Q3
has been dropped for the estimation of (1) in Panel A. HAC standard errors are reported and
used to compute the P-values.
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Figure 3: The figure shows the estimates of the parameters in the forecast-error regressions
with structural shifts. Panels (a) and (b) show the estimates of o) and 31 (red lines) in
(1) over time and their 95 percent confidence intervals (vertical grey bars) based on HAC
standard errors. Panels (c) and (d) show the estimates of a(? and 3 (red lines) in (2) and
their 95 percent confidence intervals (vertical grey bars) based on HAC standard errors.
Panels (a) and (c) also show the inflation forecast errors (black line), 714 — Fy(m14).
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Our empirical finding of structural shifts is inconsistent with most macroeconomic and
finance models’ core assumption that both the inflation process and participants’ inflation
expectations can be formalized with constant-parameter models. These include FIRE and
LIRE, as well as behavioral models such as diagnostic expectations (Bordalo et al., 2020).
In contrast to our empirical findings, a constant-parameter representation of the inflation
process and participants’ expectations implies that the parameters of the forecast-error
regressions should have remained constant over time.

Moreover, identifying structural shifts from time-series data reveals that the constant-
parameter estimates of an insignificant intercept and a significantly positive correlation
between ex post forecast errors and ex ante forecast revisions are an artifact of the as-
sumption that these parameters have remained constant.

The estimates presented in Table 3 show that the intercepts of each regression shifted
between positive and negative values of substantial size during different subperiods of
the sample. Moreover, the estimates are significantly different from zero in each of these
subperiods, except the one at the beginning of the sample. Panels (a) and (c) in Fig-
ure 3 illustrate how these shifts in the intercept capture the large shifts between positive
and negative average forecast errors during the 1970s, the negative average forecast er-
rors during the Great Moderation period, and the large positive average forecast errors
from 2020. Because the constant-parameter specifications of the forecast-error regressions
ignore these shifts in the intercepts, they yield estimates that appear to be insignificant.

Moreover, the estimates of the slope in Table 3 show a positive correlation between
ex post forecast errors and ex ante forecast revisions only during the short period from
1972:QQ3 to 1974:Q1. The estimated correlation during this subperiod, B\(l) = 1.325 with
a standard error of 0.128, captures the period’s rapidly increasing and historically high
inflation rates and large, positive forecast errors and revisions, as illustrated in Figure 1
and Panels (b) and (d) in Figure 3. The estimated correlation becomes negative, B =
—0.200 with a standard error of 0.139, from 1974:Q2 to 1980:Q4, and positive, 31 = 0.299
with a standard error of 0.209, from 1981:Q1 until the end of the sample, but the estimates
during both subperiods are insignificantly different from zero.

The finding that ex post forecast errors have been uncorrelated with ex ante forecast
revisions during most subperiods of the sample suggests that participants’ forecast errors
do not arise from information rigidities. Coibion and Gorodnichenko (2015, pp. 2671-
2675) argue that the degree of information rigidities might have changed over time and
that it likely increased during the Great Moderation period. However, this would imply
that the correlation between ex post forecast errors and ex ante forecast revisions, even if
undergoing structural change, should have been positive throughout the sample period and
should have increased during the Great Moderation period. This prediction is inconsistent
with our empirical findings.

Our empirical findings are also inconsistent with Bordalo et al.’s (2020) prediction
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of a positive correlation between ex post forecast errors and ex ante forecast revisions.
Moreover, Bordalo et al. show that diagnostic expectations implies that the intercept term
in (1) should be zero. Our empirical findings show, however, that it has shifted between
positive and negative estimates during different subperiods and has been significantly
different from zero during all subperiods except the subperiod at the beginning of our
sample, from 1970:Q2 to 1972:QQ2.

In contrast, our estimates of nonrepetitive structural shifts in the forecast-error regres-
sions may help explain Hajdini and Kurmann’s (2024) findings. As discussed above, they
found that FIRE-implied forecast errors simulated from a DSGE model with the struc-
ture of inflation switching according to a Markov switching process are “generally quite
different from the ones we observe in the [survey forecast] data.” As we show in the next
section, nonrepetitive structural shifts in the inflation process render FIRE inapplicable

as a representation of participants’ expectations, let alone rational expectations.

4 A Theoretical Account of Unforeseeable Structural

Shifts in the Forecast-Error Regressions

The Knight-Muth hypothesis (KMH), introduced in Frydman and Tabor (2024), provides
a new approach to representing rational market participants’ expectations of inflation,
and other outcomes, that undergo unforeseeable structural change.

Here, we illustrate how formalizing unforeseeable structural change in the inflation
process enables KMH to account for our empirical findings and reconcile them with the
rationality of market participants’ inflation expectations. We do so by implementing
KMH in the simple reduced-form model for inflation Hajdini and Kurmann (2024) use
to derive FIRE’s implications for the forecast-error regressions when the inflation process
undergoes repetitive regime switches. We trace KMH’s and FIRE’s different predictions
for structural change in the forecast-error regressions to their respective assumptions

about structural change in the inflation process.
4.1 The Reduced-Form Model for Inflation
We consider the reduced-form model for inflation given by:
T = 0¢ + VT, (3)

for t = 1,2,...,T, where §; > 0 and 7, > 0 are parameters at time ¢, which, using
Muth’s (1961) nomenclature, we refer to as the model’s “objective” parameters, and x;

is an exogenous process that follows the mean-zero autoregressive process with constant
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parameters given by:

Ty = PTi—1 + €, (4)

for t =1,2,...,T, where 0 < p < 1, the initial value g is given, and ¢; ~ iidN (0, 0?).

Most REH models abstract from structural change in the inflation process, which they
formalize by constraining the objective parameters in (3) to remain constant over time,
0; = 6 and ;, =  for all £. These constant parameters can be estimated based on historical
inflation data. Thus, how inflation will unfold can be foreseen in probabilistic terms, and
the only uncertainty about future inflation is probabilistic risk about the future random
shocks to the output gap.

Although some REH models have recognized that the inflation process undergoes
structural change, they formalize this change as repetitive regime switches. Like in
the constant-parameter models, formalizing structural change as repetitive rests on the
premise that how future inflation will unfold can be foreseen in probabilistic terms. REH
models formalize repetitive regime switches by assuming that the objective parameters in
(3) depend on a latent state variable, s;, following a Markov chain with two or more states
and switching probabilities P(s; = j|s;—1 = i) = p;; for 4, j € {1,2}, where p;; +p;» = 1 for
i € {1,2}, such that the objective parameters take the values (8(s;),v(s;)) = (6@, ~®)
when the state is s, = ¢ for i € {1,2}. Because the regime switches depend only on
constant parameters and switching probabilities, (61, 5@ v ~(2) 51 pyy), that can be
estimated based on historical inflation data, how inflation will unfold can be foreseen in
probabilistic terms. For example, if the current state is s; = 1, it can be foreseen that, with
probability p;1, the next period’s inflation will be in regime 1 with parameters (6, ”y(l))
and, with probability 1 — py;, in regime 2 with parameters (6, ). Thus, the only
uncertainty about future inflation is probabilistic risk about the future random shocks to
the output gap and the future latent states, which determine which of the regimes future
inflation will be in.

In contrast, building on Knight’s (1921) insights, KMH formalizes structural change
in the inflation process as nonrepetitive, and thus unforeseeable. Because future changes
differ from past changes, neither an economist nor a rational market participant can
foresee, even in probabilistic terms, how the inflation process will change in the future.
Such unforeseeable change gives rise to Knightian uncertainty: the uncertainty about

future inflation cannot be reduced ex ante to a single probability distribution.

4.2 Formalizing Structural Change as Unforeseeable

KMH provides a tractable and empirically testable formalization of unforeseeable change

in the inflation process by assuming that the sequence of objective parameters, {d;, 'yt}thl,
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shifts intermittently between nonrepetitive values restricted to lie within an interval:

(6157’%5) - (5(m)77(m)) S -[6 x I" = [5L75U] X [/YL?’YU] ) (5)

fort =T, 1,Tyn1+1,....;7, —1and m = 1,2,..., M, where T,, < T,,1 for all m,
To =1, Tay = T + 1, and the bounds of the intervals I° and I7 satisfy 0 < 6;, < §y and
0<w <w-

The first part of (5) formalizes the objective parameters to shift only intermittently at
times {7},}»=!, which are not determined by a probabilistic rule, between nonrepetitive
values {60, ~"™1M_ = For example, the parameters are given by (&;,7,) = (6,7W)
during the first subperiod, from ¢t = Ty = 1 to t = Ty — 1, but they shift to (6,~7®)
at time ¢ = Ty, (6®),~®)) at time t = Ty, etc. The second part of (5) constrains the
parameters in each of these periods to lie within the positive intervals I° and I7, such
that inflation is always positively related to the output gap.

This formalization of structural change in the inflation process can be tested empir-
ically by estimating the sequence of objective parameters {d;,v;}L, based on historical
time-series data using an empirical approach that identifies the timing of these shifts from
the data, such as the one we used in Section 3. This enables us to test the adequacy of a
KMH model’s specification.

Importantly, the specification in (5) formalizes the structural change as unforeseeable:
viewed from any time ¢, the values of the future objective parameters and the timings of
their shifts are inherently unknowable, even in probabilistic terms. As future objective
parameters differ from past ones, their values cannot be estimated by any method based

on historical inflation data.

4.3 Knightian Uncertainty About Future Inflation

Because the KMH model formalizes the unforeseeable change in the inflation process as
unforeseeable, it provides a novel formalization of Knightian uncertainty. Whereas a single
conditional distribution constitutes a REH model’s prediction of future inflation, a set of
conditional distributions constitutes the KMH model’s prediction.

Formally, although the future objective parameters are unknown ex ante, they are
restricted to lie within the intervals I° and I7. For each possible value of the parameters
within these intervals, the model in (3) and (4) defines a unique conditional expectation
of future inflation. As a result, the set of conditional distributions corresponding to
all possible values of the future objective parameters within the interval constitutes the
model’s prediction of future inflation undergoing unforeseeable change. This set formalizes
Knightian uncertainty about future inflation.

Let myn(044h, Yern) denote inflation at time ¢+ h, h > 0, as a function of the objective

parameters (Opypn, Yern) and E(mun(Oean, Yern)|x:) its expectation conditional on zy, as
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defined by (3) and (4). The set of conditional expectations that constitutes the model’s

prediction of future inflation is given by:

{E (Ten (Geen Yern) [20) | (Gren, Yern) € 12 x I}
= {00 + Yand" e | By Yewn) € 161,60 % [ve. 0]}
= [0 + Lia,50) (V20" %) + Lia<o) (P ) |
ou + Lz,<0) ('7Lphxt) + 12,50 ('7Uphxt) 1. (6)

where 1(;,50) is an indicator variable that takes the value 1 if z; > 0, and 0 otherwise.

4.4 Rational Expectations of Inflation Undergoing Unforesee-

able Change

Muth (1961) advanced the pathbreaking hypothesis that an economist can represent par-
ticipants’ expectations as consistent with his model’s predictions of those outcomes. His
hypothesis assumed that market participants are rational: they base their expectations
of aggregate outcomes on their understanding of “the way the economy works” (p. 315).
His pioneering idea was that an economist can acknowledge that participants are rational
by representing their understanding of the way the economy works with his own under-
standing, as formalized by his model.

An REH model implements Muth’s hypothesis by representing participants’ inflation
expectation with the conditional expectation that constitutes the model’s only prediction
of future inflation.

Although the KMH model implies that the conditional expectation of future inflation
is given by E (m.4n|2:) = 6in + Yeenp™a; for h > 0, there is no objective way to assess the
values of the future objective parameters, (0;1n, Vi), €x ante. Indeed, if there was such
an objective way, the structural change would be foreseeable.

Consequently, KMH represents rational participants’ inflation expectations with a
conditional expectation within the set in (6) based on a subjective scenario—which repre-
sents their ex ante assessment of the unknown future objective parameters—that is only
restricted to lie within the interval I° x I”7, but whose value is determined by neither the
objective parameters nor the available information. This represents participants’ expec-
tations as consistent with the model’s prediction of future inflation. It recognizes that
although market participants are rational, there is no objective way for them to assess ex
ante how the inflation process will change in the future, even if they base their expecta-
tions on full information. Moreover, it formalizes Keynes’ (1936, p. 162-163) idea that
rational participants rely on various factors, including psychological and other factors
outside the model, in forming expectations. This implies that they revise their subjective

scenario at times and in ways that are, at least partly, independent of the shifts in the
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objective parameters.
Formally, let (;,%;) denote participants’ subjective scenario at time t.* We assume
that the sequence of subjective parameters, {d;, 3, }._,, shifts intermittently between non-

repetitive values restricted to lie within the objective parameters’ interval:
(6,5) = (0™, 4") e I x I, (7)

fort = T, 1,Tp1+1,....,7, — 1 and n = 1,2,...,N, where T,, < T, for all n,
To = 1, Ty = T + 1, and the intervals I° and I7 are defined in (5). Similar to the
specification of the objective parameters in (5), the first part of (7) constrains participants’
subjective scenario to shift intermittently between nonrepetitive values at times that
are not characterized by a probabilistic rule. The second part restricts the subjective
scenario to lie within the interval for the objective parameters at all times. This renders
participants’ subjective scenario consistent with the model’s prediction that the unknown
future objective parameters lie within this interval.

Although the magnitude and timing of shifts in participants’ subjective scenario are
not determined by the objective parameters, we assume that the subjective scenario differs
most from the objective parameters around the times when the objective parameters shift,
T, form =1,2,...,M — 1. Moreover, we expect most shifts in the subjective scenario
to occur proximate to those times.

Similar to FIRE, we assume that rational participants base their inflation expectations
on full information. Given the subjective scenario, we represent their inflation expectation,

at time ¢ and for forecast horizon h > 0, as:
E (Ten (66, %) |2:) = 60 + NP w1, (8)

which lies within the set of conditional expectations in (6) that constitutes the model’s
predictions of future inflation as (0;,7;) € I° x I7.

Like FIRE, the functional form and relevant information—here z;—are determined
by the inflation process in (3) and (4). Unlike FIRE, however, KMH represents rational
participants’ inflation expectations in terms of subjective parameters that undergo shifts
whose magnitude and timing are not determined by those in the objective parameters.
As the magnitude and timing of shifts in the subjective and objective parameters differ,
rational participants’ inflation expectations deviate from ex post inflation in nonrepetitive,
and thus unforeseeable, ways, with the largest deviations occuring during times when the
inflation process is undergoing major structural shifts.

In contrast, a FIRE model with regime-switching in the inflation process implies that

participants’ inflation expectations deviate from ex post inflation in repetitive ways that

4We assume that participants’ subjective scenario at time ¢ is the same for all forecast horizons, h > 0.
Our results do not depend on this simplifying assumption.
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are completely determined by the regime switches in the inflation process. In such a model,
given the current state, s, = i for i € {1,2}, FIRE represents participants’ inflation
expectation with the state-dependent weighted average of the two regimes’ conditional
expectations of future inflation: E(myn(sein)|ze, s = i) = pilé® 4 pPs@ 4 (pM~ 1) 4

pz(-g)vm))phxt, where pg-l) = P(st1n = jlse = 1) for i,5 € {1,2} and h > 0. As the inflation
(h)

process switches regime, participants switch the weights attached to the two regimes, p;;”,

in repetitive, and thus foreseeable, ways.

4.5 Implications for the Forecast-Error Regressions

Given the inflation process in (3) and the representation of participants’ inflation expec-
tations in (8), KMH implies that rational participants’ ex post inflation forecast errors

are given by:

h—1

Tern — B (Teen (86 90) [20) = (000 — 0) + (e — %) %1 + isn Z perini.  (9)
i=0

We can directly link these ex post forecast errors to ex ante inflation, m;, by using (3),

which implies that z; = (m; — 0y) /Y4

_ B A
Tein — B (WH’L (5t’ ’_Vt) ’mt) - <((5t+h — 5t) - et 7%) - t)
t

o =
4 (M) T + Yean Z P €t hi- (10)
¢ i=0

This shows directly that the nonrepetitive shifts in both the objective and subjective
parameters imply that the bias of participants’ ex post forecast errors and their correlation
with ex ante inflation, m;, undergoes nonrepetitive, and thus unforeseeable, shifts over
time. During times characterized by major structural shifts in the inflation process,
we expect a large deviation between the ex ante subjective parameters and the ex post
objective parameters, so that participants’ ex post forecast errors have a large—either
positive or negative—bias and correlation with the ex ante inflation. In contrast, we
expect this deviation to be small—and thus the bias and correlation close to, or even
equal to, zero—during times when the inflation process remains stable.

The following proposition states the KMH model’s predictions regarding structural
change in the forecast-error regressions in (2). The proof of the proposition is presented

in Appendix A.°

Proposition 1 Assume that inflation and the output gap, 7 and x;, are character-

ized by (3)-(5), and market participants’ inflation expectation is given by Fy(mp) =

®In Supplemental Appendix D, we present a similar proposition for the KMH model’s predictions for
the forecast-error regression in (1).
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E(7i41(8¢, %) |2t) for h > 0, as defined by (7)-(8). Moreover, assume that we estimate the

forecast-error regression in (2) with structural shifts at known times {Tk}k |, as gwen by
Torn — Fy(mean) = a@P 4 gCR 40, (11)

fort € 1,7 — 1] and k =1,2,..., K, where
{nhes = AT, T = I} U{Tu 05 (12)

with K <2M + N, 1o=1 and 7x =T + 1.

For a subperiod k, fort € [m._1, To—1] with 71 = max(T,_1, Tp,—1) and 7, = min(T;,—
h,T,), where (6, V) = (Sein, Yirn) = ((5(’”) ™Y and (6,,7;) = (07,5 ™) for some m,n >
0, the OLS estimates of (11), @*F) and B (2k)  converge asymptotically towards:

a(2:k)

(k) _ (5(m) B 5(n)) B (V(W) _ f—y(n)) ph(g(m) (13)

—) « ’)/(m)

and

E(Zk) L> /6(27k) (14)

~0m)
for 1, — oo. Thus, if the subperiod is sufficiently long, the estimators are approximately
given by Q%P ~ o@R) gnd BER a5 BER) I 4M) S 50 then BRR) S if M < 7
then B3R < 0; and if v'™ = ? then B@F) = 0. If 60™ > (5 ™) and 'y ) < 5" then
a®®) > 0; if 6™ < 5™ and 4™ > 50 then a®F) < 0; and if 6 = 6 and ™) = 7
then a(>F) = 0.

The proposition shows the KMH model predicts that the estimates of the intercept and
the slope of the forecast-error regression in (2) should shift between nonrepetitive values
over time. Because these shifts arise from unforeseeable shifts in the model’s objective
and subjective parameters, the parameters of the forecast-error regression shift in unfore-
seeable ways over time between nonrepetitive values that can be either positive, negative,
or zero during different periods.

The KMH model’s predictions differ from those of a FIRE model with repetitive regime
switches. As Hajdini and Kurmann (2024, Proposition 1) show, a FIRE model implies
that the correlation of participants’ ex post forecast errors with ex ante inflation should
switch between repetitive positive and negative values.

In contrast, the KMH model predicts that participants’ ex post forecast errors are bi-
ased and/or correlated with ex ante inflation only during periods when their expectations
are based on an ex ante subjective scenario that differs from the ex post objective pa-
rameters. For example, the estimated correlation during subperiod k& should be positive if
7™ > 5 and negative if 7™ < 7. During periods when their ex ante subjective sce-

nario is identical to the ex post objective parameters, the bias and/or correlation should
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be zero. For example, if v = 5 then the estimated correlation should be zero.

The KMH model recognizes that rational participants’ ex ante inflation expectations
may differ from ex post inflation undergoing unforeseeable change. Thus, it explains
why most structural shifts and the largest bias and correlation of ex post forecast errors
with ex ante information occurred when they did: during the 1970s, the early 1980s, and
post-2020. These periods were characterized by unprecedented—and thus unforeseeable—
structural changes in the economy, monetary policy, and inflation dynamics. The KMH
model’s account of their ex post forecast errors acknowledges that it was particularly dif-
ficult for rational market participants to forecast inflation during those periods. Likewise,
it explains our empirical finding that when the inflation process has been relatively stable,
as during the Great Moderation, rational participants’ forecast errors have been nearly

unbiased and uncorrelated with ex ante information.

5 Concluding Remarks

Relying on forecast-error regressions with parameters assumed to be constant, a number
of studies have found participants’ ex post inflation forecast errors to be unbiased and
positively correlated with ex ante forecast revisions. This positive correlation has come
to be viewed in the literature as a “stylized fact” that representations of participants’ ex-
pectations of inflation, and other aggregate outcomes, should be consistent with (Coibion
and Gorodnichenko, 2015, abstract, p. 2644).

However, our empirical findings reveal that the estimates of an insignificant bias and
a significantly positive correlation between ex post forecast errors and ex ante forecast
revisions are an artifact of the assumption that the parameters of the forecast-error re-
gression have remained constant throughout the sample period. Once structural shifts in
these parameters are identified from the time-series data, the estimate of the correlation
between ex post inflation-forecast errors and ex ante forecast revisions is significantly pos-
itive only during the period from 1972 to 1974 and has remained insignificant until the
end of the sample in 2022. Moreover, the estimated bias undergoes nonrepetitive shifts
between significantly positive and significantly negative values during different subperiods
of the sample.

Our findings suggest a different “stylized fact” that macroeconomic models of infla-
tion should be consistent with: the inflation process and rational participants’ inflation
expectations undergo nonrepetitive change at times that cannot be foreseen, even in
probabilistic terms. However, to establish that recognizing unforeseeable change is neces-
sary for building empirically relevant macroeconomic and finance models requires future
research to examine whether forecast-error regressions for other macroeconomic and fi-
nancial variables also undergo nonrepetitive shifts.

Our findings provide econometric evidence for what seems apparent: the inflation
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process in real-world markets undergoes change that cannot be foreseen, even in prob-
abilistic terms. Moreover, market participants understand that they face such change,
which we interpret as a hallmark of their rationality. Building on Frank Knight’s (1921)
and John Muth’s (1961) pathbreaking insights, Frydman and Tabor (2024) propose the
Knight-Muth hypothesis (KMH) to enable building tractable and empirically testable in-
tertemporal models that formalize unforeseeable structural change in the inflation process
and in rational participants’ inflation expectations. Section 4 illustrates how implementing
KMH in a reduced-form model of inflation undergoing unforeseeable change can account
for our empirical findings.

REH cannot represent participants’ expectations of outcomes undergoing unforesee-
able change because it requires that future structural change, and thus future outcomes,
can be foreseen in probabilistic terms. We suggest that macroeconomists should reconsider
relying on models that assume that structural change in the process driving outcomes is
foreseeable, and that representing participants’ expectations consistent with such models’
predictions, as REH does, represents rational participants’ expectations of outcomes in
real-world markets.

Like REH, KMH can be applied in any macroeconomic and finance model. Doing so
in models other than the simple model for inflation used here, and examining how KMH
alters REH’s implications for market outcomes and policy analysis, are among the main

topics for future research.
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A Proof of Proposition 1

Proof of Proposition 1. We assume that inflation and the output gap, m and =z,
are characterized by (3)-(5), and market participants’ inflation expectation is given by
Fi(misn) = E(mion(0s, 7)) for h > 0, as defined by (7)-(8).

We consider the forecast-error regression in (11) with the timings of structural shifts,
{m.}i!, as specified in (12), assumed known. We consider a subperiod k, for t €
[Th1, 7 — 1] with 7,y = max(T},_1,T,_1) and 7, = min(7T,, — h,T,), during which
the objective and subjective parameters are given by (8;,7) = (Spqn, Yean) = (60, (™)
and (&;,%,) = (6™, 5™) for some m € [1,M — 1] and n € [I, N — 1].

Here, we simplify the notation by dropping the superscripts and denote these parame-
ters by (60, ~™) = (4,7) and (6™,5™) = (§,7). Thus, during the subperiod, inflation
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and the ex post forecast errors are given by:

T = 0 + Yy, (15)
and
€t = Ttyp — E (7Tt+h ( ,’7) |I't) = (5 — 5) + ('7 - '7) phxt + Y Z plgt_;_h_i. (].6)
=0

The OLS estimator of the slope in (11) for subperiod k, which we denote here by
B = 5(2”“), is given by:

1 . -~
B\ . Tk—il;'k_l :i‘rk,l (T(t - 71—) (et - 6) (17)
= 1 2
Tk—::'k_l 27‘5—2ka1 (T‘-t - 7T)
where T = (17, — T_1) ! zi;}il mand € = (1, — Tp_1) " nglil €.

11

ter ) Tt the term m; — 7 in the nominator

Using (15) and defining & = (7 — 7%—1)~

and denominator of (17) is given by:

Tp—1

7Tt—77:5+7$t—; Z (0 +yae) =7 (ze — 7). (18)

Tk—1 — Tk
=71

Using (16) and defining £~ = (17, —7,_;) ! nglil Eiyh_iforh >0andi=0,1,...,h—

1, the term e; — € in the nominator of (17) is given by:

h—1
er—e=0=0)+ (=T p"r+7Y perpn
=0
1 Te—1 h—1
Tk—1 — Tk t:‘rzkl ((6 5) + (fy 7) P Ty + ’Y;P €t+hz)
h—1 ‘ A
=(v =" (@ —2)+7 D0 (erpnmi — "), (19)
=0
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Inserting these expressions, the denominator of (17) converges asymptotically towards:

1 Te—1
_ T —T) (e — e
Tk_Tk—1t§1< i —7) (er — &)
1 ’Tk—l h—1
T T Tt > y(w—x) ((7 =) " (@ —2) + 7> (Ernmi — E(h‘”))
T t=Te_1 1=0
1 Te—1
_ N 2
=7 (=" | = > (w—7x)
=71
h—1 1 Tr—1
DI e DTS ICWREELY
=0 t=Tk_1
h—1 2
5y (v = 7)o" Var(w) +9° ) p' Cov(ay,epni) = 7 (v = 7) ' = = (20
=0

for 7, — 00, as 0 < p < 1 implies that Var(x;) = 02?/(1 — p?), and Cov(zy, i) = 0
forall h > 0 and ¢ = 0,1,...,h — 1. The denominator in (17) converges asymptotically

towards:
Tk—l Tk—l
S — > (=7 = ——— > (v (@ — 1)
Tk — Tk—1 Tk — Tk—1
t=Tp 1 t=T—1
Te—1
[ —— Y @y
Tk — Tk—1 e
P2 2 o?
— 7" Var(z) =y T— 2 (21)

for 7, — oo. It follows that the slope estimator in (17) converges asymptotically towards

the following:

1 Tk_l (ﬂ- __ T _ P - h _

~ e e, (M=) (e — €) Yy —=7%) i v =) pt

ﬁ — k— Tk 11 kal_l — i> e — ( ) — ﬁ (22)
Te—Thk—1 t=Tr_1 (ﬂ-t - 7T) Y 1—p2 g

for 7, — o0o. Thus, if the subperiod is sufficiently long, the slope estimator is approxi-
mately given by B\% B. Asy>0and 0 < p <1, it follows that if v > 4 then § > 0, if
v <7 then f < 0, and if v =4 then § = 0.

The OLS estimator of the intercept in (11) for subperiod k, which we denote here by

a = a®k  is given by:
Tk— 1 Tk— 1
a E €t — E T¢. (23)
k_Tk 1,2 Tk —Tk 1
Th—1 t=Tg 1
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Using the expressions for m; and e; in (15) and (16), the intercept estimator converges

asymptotically towards the following:

1 Tr—1 . 1 Tp—1
o Tk~ Th-1 tZTZkl oy Tk T Tk—1 t:TZkl "
1 TE—1 h—1
- - _ 5 =\ R i ‘
- Tk — Tk—1 t:q—zkl <(5 5) + (7 7) p " + 7;/) €t+h_z>
. 1 Tr—1
— B — 5+
B T — Tt t%; ( 71715)
1 Tr—1
(= +(~v=—p" | ——
(@=0)+(y—Tp — t%;a:t
h—1 1 Te—1 R N Te—1
+ e S| =B =By | ———
7;p Tk = Th—1 t;l e wen Tk = Th—1 t—%;l "
3 h—1 '
5 (0=0)+ (v =) " E(x) + 7> p'Elerpns) — B0 — BE(z)
1=0
AN )
:(5—5)—65:(5—5)—w:a, (24)

for 7, — oo, where we have used that E(z;) =0, as 0 < p < 1, E(g4yp—;) =0 for h > 0
and ¢ = 0,1,...,h — 1, and that B\ — f3, as given in (22). Thus, if the subperiod is
sufficiently long, the intercept estimator is approximately given by a ~ a. As v > 0,
§>0,and 0 < p < 1, it follows that if § > 6 and v < 7 then a > 0; if § < § and v > 7
then a < 0; and if § =9 and vy =y then a = 0. m
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